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Abstract. A taut contact sphere on a 3-manifold is a linear 2-sphere of con- 
tact forms, all defining the same volume form. In the present paper we com- 
pletely determine the moduli of taut contact spheres on compact left-quotients 
of SU(2) (the only closed manifolds admitting such structures). We also show 
that the moduli space of taut contact spheres embeds into the moduli space 
of taut contact circles. 

This moduli problem leads to a new viewpoint on the Gibbons-Hawking 
ansatz in hyperkahler geometry. The classification of taut contact spheres on 
closed 3-manifolds includes the known classification of 3-Sasakian 3-manifolds, 
but the local Riemannian geometry of contact spheres is much richer. We 
construct two examples of taut contact spheres on open subsets of with 
nontrivial local geometry; one from the Helmholtz equation on the 2-sphere, 
and one from the Gibbons-Hawking ansatz. We address the Bernstein problem 
whether such examples can give rise to complete metrics. 



1. Introduction 

We begin with the definition of our basic objects of interest. Recah that a 
contact form on a 3-manifold is a differential 1-form a such that a A da ^ 0. 

Definition 1. A contact sphere is a triple ofl-forms (ai, a2, as) on a 3-manifold 
such that any non-trivial linear combination of these forms (with constant coeffi- 
cients) is a contact form. 

In other words, we require that the 3-form 

(AiOfi + \2a2 + Ascts) A (Ai dai 4- A2 da2 + A3 da^) 

be nowhere zero, i.e. a volume form, for any Ai, A2, A3 S M with Ai-|-A|-|-A| ^ 0. The 
name 'contact sphere' derives from the fact that it suffices to check this condition 
for points (Ai, A2, A3) on the unit sphere 5^ C M"^. 

Definition 2. A contact sphere (ai, a2, as) is called taut if the contact form 
Xiai -f A2a2 + A3Q:3 defines the same volume form for all (Ai, A2, A3) G S*^. 

The requirement for a contact sphere to be taut is equivalent to the system of 
equations (for i ^ j) 

ai A dai = aj A daj ^ 0, 
ai A daj = —aj A dai. 
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A straightforward calculation shows that one can then find a 1-form /3 and a nowhere 
zero function A such that 

( 1 ) dai = (3 A ai + A aj A ak , 

where k) runs over the cyclic permutations of (1, 2, 3). Notice that A is defined 
by ai A dai = A ai A a2 A as. 

The analogous structure of a (taut) contact circle, defined in terms of two contact 
forms (ai,a2), was studied in our previous papers [15], [16j, E|- In [15] we gave 
a complete classification of the closed, orientable S-manifold^j that admit a taut 
contact circle or a taut contact sphere: 

Theorem 3. Let AI be a closed 3-manifold. 

(a) M admits a taut contact circle if and only if M is diffeomorphic to a quo- 
tient of the Lie group Q under a discrete subgroup T acting by left multipli- 
cation, where Q is one of the following. 

(i) = SU(2), the universal cover o/SO(3). 
(it) SL2, the universal cover 0/PSL2M. 

(iii) E2, the universal cover of the Euclidean group (that is, orientation 
preserving isometrics ofM.'^). 

(b) M admits a taut contact sphere if and only if it is diffeomorphic to a left- 
quotient o/SU(2). 

In the course of this paper we shall present a new proof, more self-contained 
than the one given in [15] , of the fact that the universal cover of a closed 3-manifold 
admitting a taut contact sphere is diffeomorphic to S^. 

In [16j we showed that every closed, orientable 3-manifold admits a (non-taut) 
contact circle, and we gave examples of contact spheres. For instance, x C 
X R"^, described in terms of coordinates {9,x,y,z), does not admit any taut 
contact circles by Theorem |3l but it admits the contact sphere 

ai = X d9 + y dz — z dy, 

0^2 = yd9 + zdx — xdz, 

as — zdO + xdy — ydx. 

In [17] we described deformation spaces for taut contact circles and gave a com- 
plete classification of taut contact circles. The present paper achieves the corre- 
sponding classification for taut contact spheres. 

The investigation of taut contact spheres amounts to a systematic study of hy- 
perkahler metrics with a homothety, in a sense made precise below. Constructions 
of complete hyperkahler metrics with translational invariance have played a promi- 
nent role in general relativity and supersymmetric field theories, beginning with 
the Gibbons-Hawking ansatz [18] . This ansatz will be discussed in Section 15.21 in 
the context of explicit constructions of taut contact spheres with nontrivial local 
geometry. See |T for a fairly recent discussion of several constructions related to 
the Gibbons-Hawking ansatz (Eguchi-Hanson metric, Taub-NUT metric, Atiyah- 
Hitchin metric). 

Hyperkahler metrics with a homothety are equally important in physical appli- 
cations, see [11] and [19]. The latter pays particular attention to homotheties that 
are hypersurface orthogonal (such homotheties are called dilatations in [19j). This 
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is equivalent to saying that the hyperkahlcr metric on ?7 x M, where U is some 
3-manifold, is the cone metric over a 3-Sasakian metric on U, cf. 3 . For more 
general information on Sasakian and in particular 3-Sasakian geometry see the de- 
finitive survey [6J or the monograph [7j ; some of the definitions will be recalled in 
Section [7l There we use our methods to recover the classification of the closed 3- 
manifolds admitting 3-Sasakian structures. In contrast with 3-Sasakian structures, 
taut contact spheres do not, in general, give rise to a cone metric on J7 x M (in other 
words, the relevant homothety is not a dilatation; such general homotheties also 
appear in [11]'). This implies that taut contact spheres are definitely more general 
than 3-Sasakian structures. We elaborate on this point in Section [71 

By comparison, Kahler metrics on ?7 x R admitting a dilatation correspond 
to a Sasakian structure on U. (For a classification of the closed 3-dimensional 
manifolds admitting Sasakian structures see [E].) In [20j it is shown that if the 
Sasakian analogue of the Kahler potential satisfies a Monge- Ampere equation, then 
the metric on U is Sasakian-Einstein. This happens in particular if [/ x M is Ricci- 
flat, cf. [19]. 

A taut contact sphere on a closed manifold M always gives rise to a flat hy- 
perkahlcr metric on M x M (Theorem [T0|) . This must be read as a global rigidity 
phenomenon, because the theorem fails for open 3-manifolds. In Section [5. II we use 
a Monge-Ampere equation to construct a taut contact sphere on an open subset 
U of K'' giving rise to a non-flat hyperkahlcr metric on [/ x M. In the appendix 
we use a contact transformation to relate this construction to the Helmholtz equa- 
tion on the 2-sphere. In Section 15.21 we use the Gibbons-Hawking ansatz to give 
an even simpler construction of a non-flat example. In Section [6] we discuss the 
question, known as a Bernstein problem, whether such non-flat examples can give 
rise to complete metrics. The answer to this question depends on the choice of one 
of the two natural metrics associated with a taut contact sphere (see Definition 1151 
Theorem 1161 ^-nd the comments following it). 

This paper supersedes our preprint "Contact spheres and quaternionic struc- 
tures" . 

2. Statement of results 

We now describe in outline some of the main results of the present paper. Our 
notational convention throughout will be that M denotes a closed, orientable 3- 
manifold; U will denote a 3-manifold (without boundary) that need not be compact. 

The relation 

(ai, a2, as) ~ {vai, va2, vas) for some smooth function v. [/ — > 
is easily seen to be an equivalence relation within the set of (taut) contact spheres. 

Definition 4. Two (taut) contact spheres are conformally equivalent if one 

is obtained from the other by multiplying each contact form by the same positive 
function. 

Definition 5. We call a contact sphere naturally ordered if Uifxdai is a positive 
multiple of ai A a2 A 0:3. 

Throughout this paper we shall assume our contact spheres to satisfy this con- 
dition. 
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Since ai A dai and ai A q;2 A as scale with the second and third power of v, 
respectively, it is obvious that every confornial equivalence class of naturally ordered 
taut contact spheres contains, for any c e M+, a unique representative satisfying 

(2) ai A dai = cai A a2 /\ as, i — 1,2,3. 

Definition 6. We call a taut contact sphere {ai, a2, as) c-normalised if it satisfies 
equation (0). 

Remark 7. This condition is equivalent to A = c in equation ([1]); beware that f3 
in that equation is not an invariant of the confornial equivalence class. 

It is implicit in |13| and follows by a simple extension of the ideas from [15| that 
a taut contact sphere on U gives rise to a hyperkahler structure on U x M.. In 
Section [3] we analyse this situation a little more carefully. One of the results proved 
there is the following. 

Proposition 8. A contact sphere on U determines an oriented confornial structure 
on U X W. A naturally ordered taut contact sphere on U determines a hyperkahler 
structure on U x W. Conformally equivalent (taut) contact spheres determine iso- 
morphic conformal (resp. hyperkahler) structures. 

As we shall see in Section [3l the hyperkahler structure {g, Ji, J2, J3) on C/ x M 
induced by a taut contact sphere (ai, 0:2, as) on U is given by the equations 

Ji-) = d{e^oti) =: VLi, i = 1, 2, 3, 

where t denotes the M-coordinate, and the complex structures Ji are 9t-invariant. 
Often we write the hyperkahler structure as the triple {rii,U,2,^z) of symplectic 
forms. 

These symplectic forms are homogeneous of degree 1 with respect to the vector 
field dt, that is, Lg^fli — fi^. The hyperkahler metric g has the same homogeneity. 
For reversing this construction, it is useful to make the following definition. 

Definition 9. A vector field Y on a hyperkahler manifold is called tri-Liouville if 

it is a Liouville vector field for every parallel self-dual 2-form Q, that is, Lx^ ~ 

Notice that a tri-Liouville vector field is automatically homothetic for the hy- 
perkahler metric, but the converse is not true. 

The construction of taut contact spheres in this paper uses two ingredients: 
a hyperkahler metric g and a nowhere zero tri-Liouville vector field Y. For any 
conformal basis (fii, £72, fJa) of parallel self-dual 2-forms, the corresponding taut 
contact sphere is defined on any transversal to the fiow of Y by restricting the 
triple of 1-forms (zyfii, jyri2, lyf^s) to that transversal. For the formal statement 
see Proposition!^ 

We also show that for a naturally ordered taut contact sphere (ai, a2, a^) on U 
there is the following pointwise model on [/ x M for the triple of symplectic forms 
(r^i, fl2, ^3), expressed in quaternionic notation: At any point x € U x R, there is 
a quaternionic coordinate dq^ for the tangent space Tx{U x M) such that 

d(e*(iQ;i +ia2 + kas))^ = -dq,, A dq^. 

The key to the classification of taut contact spheres is then the following state- 
ment. 



CONTACT SPHERES AND HYPERKAHLER GEOMETRY 



5 



Theorem 10 (Global rigidity). The hyperkdhler metric on M x S. induced by a 
taut contact sphere on a closed 3-manifold M is flat. 

Proof. Hyperkahler metrics are always Ricci flat [H 14.13] , and any Ricci flat Kahler 
manifold of complex dimension 2 is anti-sclf-dual [T, that is, the self-dual part 
of the Weyl tensor of the metric g vanishes. Since the Weyl tensor is an 
invariant of the conformal class of a metric jH 1.159], also vanishes for the 
metric g/g{dt, dt), which descends to the quotient M x oi M x M. under the map 
{p, i) ^ {p,t+l), say. (In fact, the hyperhermitian structure {g / g{dt, dt) , Ji, J2, J3) 
descends to that quotient, and one may also appeal to a result of Boyer [5] saying 
that a hyperhermitian metric on a 4-manifold is anti-self-dual.) 
Then the signature formula for {M x S^,g/g{dt,dt)) yields 




But r(M X S^) — for purely topological reasons. So the Weyl tensor W = 
+ W" vanishes for g/g{dt,dt). Again appealing to the conformal invariance 
of the Weyl tensor, we deduce that it also vanishes for g. For Ricci flat metrics 
(thus, in particular, for the hyperkahler metric g) the full curvature tensor equals 
its Weyl part [H 1.116]. This proves the theorem. □ 

This theorem implies that on a closed manifold the pointwise model above for the 
triple of symplectic forms d{e*ai), i = 1,2,3, coming from a taut contact sphere, 
is actually a local model, since the three symplectic forms and the hypercomplex 
structure ( Ji, J2, J3) are all parallel with respect to the flat hyperkahler metric g. 

It is then not very difficult, using properties of the 9t-flow, to derive the following 
classification statement. The proof will be given in Section 21 

Theorem 11. If M is diffeomorphic to a lens space L{m,m— 1), including the 
3-sphere L(1,0), then the (naturally ordered) taut contact spheres on M, up to 
diffeomorphism and conformal equivalence, are given by the following family of 
Zm-invariant quaternionic 1-forms on C H, 

iai +ja2 + kaa — -{dq -q — q ■ dq) — vd{q\q), G E, 

where v and —v determine equivalent structures. 

If M is diffeomorphic to r\SU(2) with T C SU(2) a non-abelian group, there is 
a unique equivalence class of taut contact spheres on M , described by the formula 
above with v = Q. 

All these taut contact spheres are homogeneous under a natural SO{'i)- action. 
In particular, all great circles in a given taut contact sphere are isomorphic taut 
contact circles. 

Note that the manifolds listed in this theorem exhaust all the possible left- 
quotients of SU(2), cf. [15]. The Z^-action on that produces the quotient 
L(m, m — 1) is generated by right multiplication with cos(27r/m) + isin(27r/m). 

Remark 12. As we shall see in the construction of the moduli space of taut contact 
spheres, all taut contact spheres on a given closed 3-dimensional manifold yield the 
same 4-dimensional metric g up to global isometry. So it is not this induced metric 
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which determines the modulus, but in fact the different possible homothetic vector 
fields dt- In the cases where non-trivial moduli exist, neither the vector field dt nor 
the function e* (which turns out to equal g(dt,dt)) are unique for that g. 

With our coordinate conventions in Section [3] below, which seem natural in that 
context, left multiplication on by 



where a = ai + ia2, b = bi + ib2, |ap + |6p = f , corresponds to right multiplication 
on H by the unit quaternion u — ai + ia2 + jfei + k62. 

The quaternionic 1-form dq - q ^ q ■ dq is invariant under this right multiplication 
q 1-^ qu hy unit quaternions it, and therefore descends to all left-quotients of SU(2). 
The 1-form d{qiq) is invariant under right multiplication by unit quaternions of the 
special form ai + ia2, hence it descends to all abelian quotients. 

Here are some details about what we mean by 'homogeneity under a natural 
SO(3)-action' in Theorem [TlJ The action of S0(3) on iai + ja2 + kaa rotates 
the contact forms and is given by conjugating the quaternionic 1-form by elements 
u £ C M. This action is induced from the S'^-action q i-^ uq on H, and that 
latter action cannot be replaced by an SO(3)-action. This amounts to a spinor 
phenomenon, see also the proof of Proposition!^ Since this left multiplication by 
unit quaternions commutes with all quaternionic right multiplications, it descends 
to all left-quotients of SU(2). 

Remark 13. With q = xq +ixi +jx2 +ka;3 we obtain the following real expression 
for the taut contact sphere in Theorem 1111 corresponding to = 0, where {i,j,k) 
runs over the cyclic permutations of (1,2,3): 



Notice that it satisfies ([T]) with (3 = and A = 2. In particular, it is a 2-normalised 
taut contact sphere. 

Restricting this to the hyperplane {a;o = 1}, we obtain a simple expression for a 
taut contact sphere on M"^: 



See Proposition [51] for the principle behind this observation. 

One might suspect that taut contact spheres constitute such a rigid structure 
that Theorem [TU] would also hold locally and for open manifolds. However, this 
turns out to be false, even conformally. 

Theorem 14. There are examples of taut contact spheres on open domains U in 
inducing a metric on U xM. that is not conformally fiat. 

This theorem will be proved in Section [51 where we present two methods for 
constructing such examples. Our first construction, in Section [5711 starts from the 
observation that (locally) the conditions for a taut contact sphere lead to a complex 
Monge-Ampere equation. After imposing an additional homogeneity amounting 
to the existence of a tri-Hamiltonian vector field, we are able to find concrete 
solutions of that equation whose associated 4-dimensional metric is non-flat. In fact, 
subject to this extra homogeneity, the Monge-Ampere equation can be linearised 
to yield the Helmholtz equation Au -I- 2w = for the Laplacian A on the 2-sphere. 




ai = a;o dxi — Xi dxo + Xj dxk — Xk dxj . 



CONTACT SPHERES AND HYPERKAHLER GEOMETRY 



7 



Solutions of that Helmholtz equation then give rise to taut contact spheres with a 
tri-Hamiltonian symmetry. 

Our second construction, in Section lST^ starts from the Gibbons-Hawking ansatz, 
which is essentiahy a construction of an R-invariant hyperkahler metric on Uq x M, 
starting from a harmonic function on an open subset Uq of M.^. For an appropriate 
choice of such a harmonic function, one obtains a non-flat hyperkahler metric giving 
rise to a taut contact sphere on a suitable hypersurface U C Uq x R. Beware that 
the E-factor in this splitting JJq x K is not the one corresponding to the tri-Liouville 
vector field. 

Taut contact spheres come associated with two natural metrics on the 3-manifold. 
In order to describe these, we observe that the 2-forms fti — d{e*ai) can be written 
with the help of the structure equation ^ as follows: 

= e*(A-i/2(rft + /?) A Ai/2a, + A^^a, A A^^^ak). 

So the hyperkahler metric g is given by 

(3) g = e'{A~\dt + P)^ + A (a? + + aj)) . 
In particular, if the contact sphere is 1-normalised, we have 

(4) g = e*{idt + l3f + al + al + ai). 
This motivates the following definition. 

Definition 15. The short metric associated with a 1-normalised taut contact 
sphere (ai, 012, aa) on U is the metric 

gs = al + al + al- 

The long metric associated with this contact sphere is 

gi—p + + ^2 + as- 

Observe that gi is simply the restriction oi g to U = U x {0}, so from the 
viewpoint of hyperkahler geometry this is the more natural metric to consider. 

In either of the above-mentioned constructions of taut contact spheres on U 
giving rise to a non-fiat hyperkahler metric on ?7 x R, the induced long metric gi on 
U is incomplete, and so is, a fortiori, the short metric gs- In Section[6]we raise the 
question whether one can find such examples where gi, at least, is complete. This 
type of question is known as a Bernstein problem f9]. Concerning g^, we provide 
a partial answer to this problem for contact spheres with additional symmetries. 
For gi there is a positive answer to the Bernstein problem, even subject to the 
additional symmetry requirement: 

Theorem 16. Let {ai, 02, a^) be a 1-normalised taut contact sphere on U giving 
rise to the short metric gs and the long metric gi on U . 

(a) If gs is complete and admits a non-trivial Killing vector field that preserves 
(ai,a2,a3); then U is necessarily compact, and hence (ai, 02,0^3) belongs to the 
family described in Theorem ] 11\ (and in particular gives rise to a flat hyperkahler 
metric). 

(b) There are examples of -invariant taut contact spheres on U = 1} x , 
where D is the open unit disc, for which gi is complete. The induced hyperkahler 
metrics on U xR are not flat. 
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Part (a) will be proved in Section[6l Theorem[24lin that section is a more explicit 
reformulation of this part. 

We reserve the proof of part (b) for a forthcoming paper. It turns out that in 
the R- or S'-'^-invariant context one can use the Gibbons-Hawking ansatz in order to 
develop a complete theory of such contact circles. An infinite-dimensional family 
of examples giving rise to complete long metrics is then found with the help of 
Blaschke products on B C C. 

3. HYPERKAHLER LINEAR ALGEBRA 

In this section we discuss the linear algebraic aspects of contact spheres, leading 
to a proof of Proposition [H] This prepares the ground for the proof of Theorem [TT] 

Let (ai, 0:2,03) be a contact sphere on a 3-manifold U. This gives rise to the 
symplectic forms Hi = c?(e*ai), i = 1, 2, 3, on t/ x M. At any point x of C/ x R, 
these symplectic forms span a definite 3-plane in the space /\ T*{U x K) of skew- 
symmetric bilinear forms on the tangent space Tj;([/ x R). If the contact sphere is 
taut, we have in addition the identities (for i =/= j) 

Qi A Qi = A flj ^ 0, 
H^ A flj = 0. 

First we are going to study the linear algebra of this situation. Thus, let V4 be 
a 4-dimensional real vector space and write Vg = A^^4*- Consider the quadratic 
form 

Q: Ve^R, Q{A)=AaA, 

of signature (3,3). We call a triple (^1,^2,^3) of elements of Vg a symplectic 
triple on V4 if it spans a definite 3-plane for Q in Vg, and a conformal symplectic 
triple if the stronger condition 

A, A Ai = Aj A Aj ^ 0, 
Ai A Aj = 0, 

is satisfied for i ^ j, cf. |13j . The same terminology will be used for triples of 
symplectic forms {fti, 0.2,^^3) on a 4-manifold as described above. 

Remark on Notation. In the sequel, any equation (or other statement) involving 
the indices i, j, k is meant to be read as three equations, with k) ranging over 
the cyclic permutations of (1,2,3). We write bold face i for ^/—l G C, and bold 
face i,j,k for the standard quaternionic units with ij = k. The relation between 
real, complex, and quaternionic coordinates will be given by 

g = xq + '^xi + ]x2 + kxs = zi + Z2j. 

For J a complex structure on V4, we denote by /\^f''^^ the space of exterior 
forms of type {p, q) on V4. As shown in [15!, a conformal symplectic couple {Ai, Aj) 
determines a unique complex structure Jk on V4 for which Ai+iAj G Aj^ '^''- Thus, a 
conformal symplectic triple (^1, ^2, ^3) induces three complex structures Ji, J2, J3. 
In [13j it was shown that these complex structures satisfy the quaternionic identities 
as well as the relations 

g{v,w) — Ai{v, Jiw), 1 = 1,2,3, for all v, w e V4, 
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for a unique definite symmetric bilinear form g. We call a conformal symplectic 
triple naturally ordered if this g is positive definite. Notice that the sign of g is 
well defined, since the {—Ji,—J2t—Js,) do not satisfy the quaternionic identities. 
(In particular, hyperkahler structures are always naturally ordered.) 

An alternative way to define this definite bilinear form g is via the identity 

(5) (vJ v4i) A (vJ As) A (vJ A3) = i5(v,v)v J (4^) foraUvey4. 

This is an obvious consequence of the S0(3)-homogeneous normal form for confor- 
mal symplectic triples discussed in the next two propositions. 

Proposition 17. Let (^41,^2,^3) be a naturally ordered conformal symplectic 
triple on V4. Then there are real linear coordinates dxo, dxi, dx2, dx3 on V4 such 
that 

Ai = dxo A dxi + dxj A dxk ■ 
In terms of the corresponding complex and quaternionic coordinates we have 

Ai ~ -{dzi A dzi + dz2 A dz2), 
A2 + iA:i = dziAdz2, 

and 

iAi +iA2 + kAs = -^dqA dq. 

Remark 18. Because of the non-commutativity of H some care is necessary in 
interpreting the wedge product of H- valued 1-forms a, /3 on a vector space V. Our 
convention is to read it as 

{a A /3)(v, w) = Qf(v)/3(w) — a{w)l3{v) for all v, w G V. 

This ensures a A qP — aq A (3, and that q A S is always purely imaginary. 

Proof of Proposition\T7\ From 7^ A2 + i^a G Aji'°^ and Ai A {A2 + iA^) we 
conclude that the (0, 2)-part of Ai with respect to Ji is zero. The form Ai being 
real, its (2,0)-part must also vanish, hence Ai S A/i'^''- 

Let {£'1,^2} be a basis for A/'i'^'' ^-nd set ^' — {^^^ ^ ■ Then we can write 

Ai = A Ai?', 

with Ai a hermitian (2 x 2)-matrix. By our assumption on [Ai^ A2t A^) being 
naturally ordered, the matrix Ai is positive definite. Hence there is a matrix 
C e GL2(C) such that 

and so in terms of the basis {^1,^2} for Aj^'"^ defined by I' = CI we have 

Ai = |(4a4 + ^2a:^2) 

and 

A2 + \Az = c£i A ^2 
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for some c g C. We then find 

Al+Al = 2Al 

from which we conclude |c| — 1. The hnear complex coordinates zi,Z2 corre- 
sponding to {0^1,^2} then give the desired complex normal form. The real and 
quaternionic normal forms can be derived easily from the complex one. □ 

Remark 19. (1) Notice that in terms of these pointwise coordinates we have 
g = dx\ + dx\ + dx\ + dx^ and ( Ji, J2, •/a) = (i, j, k). Moreover, we recognise the 
3-plane in Vg spanned by Ai,A2, A3 as the space of self-dual 2-forms for the metric 
g and the orientation of V4 defined by Ai A Ai. The length of the Ai equals a/2- 

(2) Here is another characterisation of taut contact spheres that can be read off 
from the preceding proposition: The purely imaginary 1-form a = iai -\-ja2 -\- kaa 
defines a taut contact sphere if and only if ai is a contact form and at each point x 
of the manifold there is an H- valued linear form f3x on the tangent space at x such 
that d(e*a)x = ±/3x A P^. The case d{e*^a)x — —Px A Px corresponds to (ai, q;2, 03) 
being naturally ordered. 

The following proposition will be an important ingredient in the proof of Propo- 
sition [51 while the last part of its proof is used in the proof of Theorem [TT] 

Proposition 20 (The spinor equivariance). There is a one-to-one correspondence 
between oriented conformal structures on V4 and definite ^-planes V3 in Vq (with 
respect to Q). 

Proof. Given an oriented conformal structure on V4, define V3 as the corresponding 
space of self-dual 2-forms on V4. 

For the converse, we recall some quaternionic linear algebra. Under the identi- 
fication of the purely imaginary quaternions with R'^, any element </> of SO (3) can 
be written as quaternionic conjugation = 

M'^ 9 a; I — > <j)u{x) = uxu, 

with some unit quaternion u G S*"^ C H. The map u (/)„ is the standard double 
covering SO (3). 

Given a definite 3-plane in Vg, choose a naturally ordered conformal symplectic 
triple (^1, A2, A3) spanning it. An orientation on V4 is then given by Ai A Ai. 

Let g be a quaternionic coordinate for V4 as in Proposition 1171 and g — dx\ + 
dx2 -\- dx3 -\- dxl the inner product on V4 determined by {Ai, A2, A3). 

Suppose that A[, A'2, A'3 is another naturally ordered conformal symplectic triple 
spanning the same 3-plane V3 and satisfying AiAA'^ — AiAAi. Notice that Q defines 
an inner product on V3 for which {Ai, A2, A3) and {A[, A'2, A'.^) are orthogonal bases 
consisting of vectors of equal length, and defining the same orientation. Hence there 
is an element G SO (3) such that 







A'2 


= 0« A2 


A'3 J 


' \ A3 



\c\Hi A £2 A £1 A £2 = 
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By the preceding discussion this can be written as 

iA[ + jA^ + k^^ u{iAi + 3A2 + kA^)!! 

= —-udq/\dqu 

= — - d{uq) A d{uq) . 

So a quaternionic coordinate corresponding to (A[, A'2, A'^) is given by uq, which 
gives rise to the same inner product g on V4 since left muhiphcation on H by a unit 
quaternion is an isometry for dx^ + dx\ + dx\ + dx\. 

If the conformal symplectic triple (^1, A2, A^) is replaced by {vAi^ VA2, vA^), v e 
M"*", then the induced inner product changes to vg. This proves the proposition. □ 

Proof of Proposition\^ A (taut) contact sphere (ai, 0:2, as) on U gives rise to a 
(conformal) symplectic triple {^1,^2, ^3) on J7 x K as described at the beginning 
of this section. The complex structures Ji, J2, J3 defined on each tangent space 
Tx(U X M) depend smoothly on the point x, and thus define almost complex struc- 
tures on [/ X K, which are integrable in the taut case, see PJj. So the statement 
concerning contact spheres and conformal structures is immediate from the preced- 
ing proposition. Notice that the orientation and conformal class of the metric on 
[/ X K. are completely characterised as the unique ones for which the ili are self-dual. 

The statement about taut contact spheres and hyperkahler structures follows 
similarly; see jl3| for an explicit argument. A non-taut contact sphere determines 
at each point a linear 2-sphere worth of complex structures, since pointwise the 
symplectic triple {Qi,Q2,^3) can be replaced by a conformal symplectic triple 
spanning the same 3-plane of skew-symmetric forms; this does not change the space 
of corresponding almost complex structures. Although this replacement can be done 
globally, leading again to triples {Ji, J21 J3) satisfying the quaternionic identities, 
there does not seem to be a canonical choice for doing it. 

If two contact spheres are related by multiplication by the function v: M ^ 
M+, the induced structures on ?7 x R are related by the diffeomorphism given by 
{p,t) ^ {p,t + log v{p)). □ 

The following proposition explains how to go back from a hyperkahler structure 
and a tri-Liouville vector field to a taut contact sphere. 

Proposition 21. Let {Qi,D,2,^3) be a hyperkahler structure on a A-manifold W 
with a nowhere zero tri-Liouville vector field Y. Then the equations ai = Y ^ Qi 
define a naturally ordered taut contact sphere {ai, a2, 0(3) on any transversal ofY. 
Shifting the points of the transversal along the orbits of Y will change the taut 
contact sphere within its conformal class. □ 

The proof is a straightforward computation, using f2i A = Qj A flj ^ and 
fij AQj = for i ^ j, cf. ^13j, as well as the identities y_l Of = 2ai A dui, cf. 
identity If the hyperkahler structure comes from a taut contact sphere, then 
the above construction with Y = dt recovers that contact sphere. 

4. Classification of taut contact spheres 

This section is largely devoted to the proof of Theorem [11] As promised, this 
includes a new proof that the universal cover of a closed 3-manifold carrying a taut 
contact sphere is diffeomorphic to S^. 
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The strategy for the proof is as follows. From Theorem [TOl we know that a taut 
contact sphere on a closed 3-manifold M induces a flat metric on M x M. With 
the help of the developing map of this metric we are led to study hyperkahler 
structures on Euclidean 4-space E^, with the hyperkahler metric being the flat 
Euclidean metric. Parallel 2-forms for this metric have constant coefficients in 
Euclidean coordinates. The classification of taut contact spheres is thus reduced to 
a straightforward problem of determining the possible tri-Liouville vector fields. 

Proof of Theorem\ll\ Let M be a closed 3-manifold with a taut contact sphere, and 
let (ai,a2,Q!3) be the lifted taut contact sphere on its universal cover M. Write 
g for the induced metric on M x R. The fact that g is flat and M x R simply- 
connected implies that we have a developing map <i> : Af x M ^ for this metric 
which is a local isometry. 

If C M X E is a domain on which $ restricts to a diffeomorphism, then 
(<i>|M^)*9t is a vector field IV on the domain <i>(M^) C E^ generating a 1-parameter 
group of homotheties of the Euclidean metric (because LQ_^g — g hy the construc- 
tion of g). Since homothetic transformations of a Riemannian manifold are affine 
transformations (this is easy to see for the Euclidean metric), Yw is the restriction 
of a homothetic vector field Y defined on all of E"*. Then dt and ^*Y 
are homothetic vector fields for g that coincide on the open set W , which forces 
dt = on aU of M X R. 

A homothetic vector field on E^ vanishes at a single point, and without loss 
of generality we may assume that Y vanishes at 0. Let tt: E'' \ {0} S'| be 
the projection onto the orbit space of Y (which we can identify with the unit 
sphere 5*1 C E"*, for F is a genuinely expanding homothetic vector field and hence 
transverse to any sphere centred at 0). Then the composition 

M X {0} E^ \ {0} ^ Si 

is a local diffeomorphism and therefore, M being simply-connected, a diffeomor- 
phism. So we have proved M = . Moreover, the property dt = ^*Y implies that 
$ is a diffeomorphism from 5'"^ x R to E'* \ {0}, hence a global isometry. 

From now on we write instead of M . Now $ sends x {0} to some transversal 
of F in E**, and by Proposition [2T] the original contact sphere is equivalent to the 
one induced on S'|. 

To simplify notation, we continue to write e*Q!i, 17^, Ji for the push- forwards 
of these objects to E** \ {0}, and we identify dt with Y. Thus (Ji, J2, J3) defines 
a hyperkahler structure with respect to the Euclidean metric ^e, and (fii, $72, ^^3) 
are the corresponding Kahler forms. In particular, the Ji and Vii are parallel with 
respect to g^, and thus have constant coefficients in any linear coordinate system 
for E**. As a consequence, there are linear coordinates Xq, Xi, 2:2, 2:3 on E^ with 
respect to which the formulae of Proposition [T71 hold (with Ai replaced by Vli). 
Observe that this forces xq, xi, a;2, to be an orthonormal coordinate system with 
respect to g^. 

Write il^t for the ffow of Y . This flow commutes with the Ji and satisfies V't 5e = 
e*5E and V't = e*ili, in particular iptidzi A dz2) = e* dzi A dz2- 

Since the flow of Y preserves Ji, we have a holomorphic vector field Yc on 
E,"^ — with Y = 2 Re(Yc)- As a homothetic vector field vanishing at zero, Y can 
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be represented as a linear map, and this implies that Yc corresponds to a complex 
linear map z i— )■ Ycz with respect to the coordinate z — ^ 

A straightforward calculation shows that the condition V't 5e = s^gE translates 
into the matrix Yc being of the form 

1/2 
1/2 

with Zc a skew-Hermitian matrix; the condition i/jj (dzi A dz2) — e* dzi A dz2 forces 
Zc to have zero trace. After a special unitary change of coordinates (which does 
not change the expressions for the Qi) we may assume that Zc is in diagonal form, 
i.e. 

iv 
-iv 

with G M. In the usual notation for vector fields this means 



Zr, — 



dz2- 



We conclude 

e*ai = dt-\ni 



F_l {]^{dzi A cfzi + dz2 A dz2)) 



■^(zi dzi ~ zi dzi + Z2dz2 ~ Z2dz2) - ^ d(|zip - |z2p) 



e*(a2 + ia3) = dt -\ {^2 + in^,) 
= Y _\ (dzi A dz2) 

i + ii/^ Zidz2- (^^ - iiy^ Z2 dzi . 

Remark 22. This analysis can be carried out locally. As a result, the quaternionic 
formula in Theorem[Tl]is a universal local model for (naturally ordered) taut contact 
spheres inducing a flat hyperkahler metric. 

To translate the preceding equations into quaternionic notation, we observe 

q ■ dq — zi dzi + Z2 dz2 — zi dz2i + Z2 dzij 

and 

dq-q = zi dzi + Z2 dz2 + zi dz2\ - Z2 dzi] 



(using ]z ='z] for z G C and zi + Z2j = zi — Z2j), hence 

dq ■ q — q ■ dq = zi dzi — zi dzi + Z2 c?Z2 — Z2 dz2 + 2(zi dz2 — Z2 dzi)j. 
We also observe 

qiq= (|zip - |z2p)i- 2iziZ2j. 
Putting all this together, we find 

e*(iai + jQ;2 + kas) = e'(iQ!i + (q!2 + iQ;3)j) 

= ^{dq-q-q-d:q)-'^d{qiq). 

This shows that, up to conformal equivalence and diffeomorphism, the taut contact 
spheres on are as described in Theorem [TT] The fact that different non- negative 
values of v give non-isomorphic contact spheres follows from the corresponding 
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classification of taut contact circles in [15], [IT]- We stiall be a bit more explicit 
about this point below, where we give a pictorial description of the moduli spaces 
in question. This will include a synthetic method for determining the modulus, 
independent of our previous papers. 

Next we want to show that v and —v correspond to equivalent structures. The 
diffeomorphism of given by g i— s- qj is isotopic to the identity and pulls the 
quaternionic 1-form with parameter value v to that with value —v^ because j anti- 
commutcs with i. 

After having determined the possible lifted taut contact spheres on M ^ S^, we 
now consider the taut contact sphere on M itself. From Theorem[3]we know that M 
has to be a left-quotient of SU(2). The induced flat hyperkahler structure on M x K 
lifts to just such a structure on x M, invariant under the deck transformation 
group r. As was already argued in (15j for taut contact circles, this implies that in 
the complex coordinates (zi, Z2) which give a normal form as described above, one 
has r C SU(2). Moreover, again as in [15], the parameter i/ is forced to be zero for 
non-abelian F, and it can take any value for the group F = C SU(2) generated 

by 

■ e 
. £-1 
where s is some mth root of unity. 

Now we address the homogeneity issue in the statement of Theorem [TTJ For any 
unit quaternion u we have 



u 



-(dq ■ q — q ■ dq) — v d[qiq)^u = —{d{uq) ■ uq — uq ■ d{uq)) — i'd{uq\uq). 



Therefore, if two taut contact spheres are related by an element of SO (3) as 
in the proof of Proposition [20l then one is the pull-back of the other under a 
diffeomorphism of F\SU(2) induced by the map q ^ uq. In particular, this S0(3)- 
action on taut contact spheres shows that any taut contact sphere can be swept 
out by great circles, all defining isomorphic taut contact circles. 

This concludes the proof of Theorem [TT] □ 

This theorem allows us to define a map from the space of taut contact spheres 
to that of taut contact circles: simply pick any great circle. 

Theorem 23. Let M be any left-quotient o/SU(2). The map sending a taut contact 
sphere on M to any of its great circles induces an embedding of the moduli space of 
taut contact spheres on M into the moduli space of taut contact circles. 

Proof. Recall the classification (up to diffeomorphism and homothety, i.e. conformal 
equivalence and rotation) of taut contact circles (a2, 013) on left-quotients of 5'^, see 
|15j . [T7]. On the lens spaces L{m,m — 1) we have the continuous family of taut 
contact circles induced by the Zm-invariant complex 1-form 

a2 + iaa = (^^ + (5^ zi - - s'j 22 dzi 

(restricted to C C^) with J G C, -1/2 < Re{S) < 1/2, modulo replacing S by 
—S, which corresponds to the diffeomorphism defined by (21,22) (22,21) and 
changing from (02, 0:3) to {—a2, —0:3). So from Theorem [Tl] we see that 

• only the taut contact circles with S purely imaginary extend to taut contact 
spheres. 
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• this extension is unique up to automorphisms of a2 + iaa , and 

• two taut contact circles giving rise to isomorphic taut contact spheres must 
be isomorphic. 

This proves the theorem in the given case. For the abehan left-quotients the map 
on moduli spaces amounts to the inclusion 

— > {SeC: - 1/2 < Re{S) < l/2}/s^-s 
V I — > \v. 

The moduli space of taut contact circles on L(m^ to — 1) also includes a discrete 
family described by 

a2 + iaa = nz\ dz2 — Z2 dzi + dz2^ 

where n ranges over the natural numbers congruent —1 mod m. These contact 
circles, however, do not extend to any taut contact sphere, so they are not being 
considered here. □ 

The moduli spaces described in the foregoing proof (without the discrete family) 
are illustrated on the left-hand side of Figure [TJ The moduli space of taut contact 
circles is the orbifold 

{5£<C: - 1/2 < Re((5) < l/2}/5^_5. 

The half-line 

{6 e iR}/ sr^-s 

constituting the moduli space of taut contact spheres is shown as a dashed line. 
The real part 

{SeR: -1/2 <S< l/2}/s^-s 

of this moduli space, shown in bold, corresponds to so-called Cartan structures. 
The origin represents the unique 3-Sasakian structure. These structures will be 
discussed in Section [71 

Under the mapping (5 i— > i5^, the moduli space of taut contact circles is mapped 
bijectively to the interior of the parabola 



a; + iy G C : x = 




shown on the right-hand side of Figure [TJ So this singular mapping flattens the 
cone point and yields a representation of the moduli space as an open subset of C. 

Here is the promised synthetic characterisation of the modulus of a taut contact 
sphere on S^. One can define a canonical slice inside the hyperkahlcr manifold 
S''^ X R as the subset {\\dt\\ = 1}. A straightforward calculation shows that for the 
taut contact sphere of modulus ±1^ we have 

mf = {\ + i^')-{\zi\' + \z2n. 

So the canonical slice is isometric with the 3-sphere of radius 2/\/l + Ai^'^. The 
canonical slice of maximal radius corresponds to the unique 3-Sasakian structure. 

The canonical slice has the property that the 1-forms e*ai induce on it a 1- 
normalised taut contact sphere. We conclude that the family in TheoremfTDinduces 
on any Euclidean sphere a c-normalised taut contact sphere, for some constant c. 
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Figure 1. The moduli spaces of taut contact circles and spheres. 

Recall now Definition [151 Once the contact sphere is 1-normalised, the canonical 
slice is given by {t = 0} and we see that the hyperkahler metric induces the long 
metric gi on it. Thus, on a closed 3-manifold the long metric is always spherical. 

The short metric can be written as gs = gi — 0^ ■ We claim that (3 is invariant 
under the maps q ^ uq with u £ , which shows that gs is a Berger metric. 
To see this invariance property, notice that the system of structure equations ([I]) 
is invariant under rotations of the triple (ai, a;2, c^a), and we have seen that left 
multiplication by unit quaternions u induces such rotations. 

The contact sphere with z/ = in Theorem [TT] is invariant under right multi- 
plication by unit quaternions, which makes the corresponding (3 bi-invariant, but 
recall that in this case /3 = and so there is no contradiction here. 

We briefly expand on the point in the proof of Theorem [23] concerning the au- 
tomorphisms of Q!2 + iaa. From the arguments in |15[ Section 5.2] it follows that 
automorphisms of 0:2 + i^a are C-linear maps of C^, in fact, elements of SL2C. 
Given an ai extending (a2,Q;3) to a taut contact sphere, the other extensions are 
given by 4>*ai. 

For and v = Q, any element of SL2C defines an automorphism of a2 + ias, so 
the possible extensions are parametrised by SL2C/SU(2). 

For and v the condition that preserve ^2 + 103 forces it to be a diagonal 
map 4>c{zi, Z2) — {czi, c^^Z2). The same is true for the lens spaces Zm\SU(2) other 
than iS*^, even in the case v — here the condition for (j) to be diagonal follows 
from the fact that it has to lie in the normaliser of Z,„. In these two cases, the 
possible extensions are parametrised by M"*", since 

(j)lai = ^(|cp(zi dzi - zi dzi) + |cp^(z2 dz2 ~Z2 dz2)) - - d(|cp|zip - |c|"^|z2p)- 

Finally, for the quotients of r\SU(2) with F non-abelian, the fact that (j) lies 
in the normaliser of F forces it to be plus or minus the identity map. Thus the 
extension ai is unique. 

5. Non-flat metrics 

In this section we describe two constructions of taut contact spheres giving rise 
to non-flat hyperkahler metrics. These examples constitute a proof of Theorem [TU 
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since a non-flat hyperkahler metric is not even conformally flat (cf. the proof of 
Theorem [lOl). 

5.1. The Helmholtz equation on the 2-sphere. We have seen in Proposition!^ 
how to construct a taut contact sphere corresponding to a suitable hyperkahler 
structure (Oi, r22, f^s)- Notice that in terms of the holomorphic structure given 
by Jl , an equivalent description of this hyperkahler structure is given by a holomor- 
phic symplectic form fl — ^2+0^3 and a closed real (1, l)-form Sli with 2il,f = fJAfi. 

We now make the following ansatz: Let zi, Z2 be complex coordinates on and 
identify with M'^ x K by equating the R-direction with the real part of 2zi, so 
that dt = Re{dzi) and t/ij (21,22) = {zi +t/2,Z2). Set 

Q — fl2 + = A(zi, Z2) dzi A dz2 

with A(zi,Z2) a nowhere zero holomorphic function, and 

ni = ^ddH{zi,Z2) 

with _ff (21,^2) a real- valued function. 

To satisfy the conditions ^^fli — e*51i it is sufficient to have 

(6) Vt*A = e*A, = e'H. 

Further, the identity 2f7^ = il A il is equivalent to the complex Monge- Ampere 
equation 

(7) det ( ^^-^ ) = AA. 

If all these conditions are met. Proposition [^T] tells us how to recover the corre- 
sponding taut contact sphere. 

We satisfy condition ^ by taking A — e^^^ and simplifying the ansatz further 

to 

H{zi,Z2) = e2R'^("i)/i(2Im(zi),2Re(z2)) 
= e^i+^i/i(izi - izi,Z2 -I-Z2), 

with h(si,S2) a function of two real variables. Then, writing hi for the partial 
derivatives hg. — dh/ds^ etc., we have 

ddH = e'^^^'^ {{h + hii) dzi A dzi + {h2 ~ ihi2) dzi A dz2 
+ (/i2 + i/112) dz2 A dzi + h22 dz2 A dz2), 

and equation ([7]) becomes 

h /i2 

h2 /l22 

The reader may check directly that the function 

/S2/COSS1 
a/C^ - 1 

satisfies this equation. In the appendix we shall explain how to derive this sample 
solution, and verify that it leads to a non-flat hyperkahler metric. We arrive at this 
example after proving a general result that relates solutions of IH) to solutions of 
the Helmholtz equation on the 2-sphere. 



(8) 



h + hii /i2 — i/ii2 _ hii hi2 

ft-2 + i/ll2 h22 hi2 h22 
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5.2. The Gibbons-Hawking ansatz. The Gibbons-Hawking ansatz 18J starts 
with a positive function V in three variables xi,X2, X3 (locaUy on MP) and a triple 
of functions 61, 62, &3 in the same variables, satisfying the condition 

(9) \/V = ~cnr\{bi,b2,b3), 

so that in particular 

AV = div(Vy) = -div(curl(6i, 62, 63)) = 0, 

i.e. V is harmonic. Set (3 — hi +&2 ^2^2 +63 dx^ and consider the triple of 2-forms 
on R3 X R (with 9 denoting the R-coordinate) defined by 

= [dO + j3) Adxi + V dx-j A dxk ■ 

The relation between V and (3 implies that these 2-forms are closed. Writing 

ea:^V-^''^{de + (3) and 0, ■.= V^/'^dx,, z=l,2,3, 

we have 

— f\ 9i + 9j A 9k , 

which shows that {Qi, 0,2^^3) is a conformal symplectic triple. The corresponding 
hyperkahler metric is 

9l + 9j+dl + el = V'\d9 + -f V{dxl + dxl + dxl). 

Observe the formal similarity with the metric in ([3]). 

The translational invariance of this metric in 0-direction is obvious A homo- 
thety can be built into this ansatz by choosing /3 appropriately. 

Here is an example. As domain Uq C we take the half-space given by the 
condition xi > 0, and V{xitX2,X3) := xi is our positive function on that domain. 
Set (61,^2,^3) = (0, a;3,0), that is, fi = X3dx2- Then 

VV = (1,0,0) = -curl(&i,62,63), 

i.e. condition ^ is satisfied. Then the Gibbons-Hawking ansatz yields the hy- 
perkahler structurcll 

Oi = (dxa + X3dx2) /\ dxi + Xidx2 /\ dx3, 

Q.2 = dxo A dx2 + xi dx3 A dxi , 

Q.3 — {dxo + X3dx2) /\ dx3 + xidxi /\ dx2, 

with corresponding hyperkahler metric 

g = — {dxQ + X3 dx2)^ + xi {dxf + dx\ + dx\). 

X\ 

A tri-Liouville vector field for this hyperkahler structure is 

2 1 

Y -x^dxa + -^{^idxi +X2dx2 +X3dx3). 

By Proposition [2T1 the equations a.; — Y _\ fi^, i = 1,2,3, define a taut contact 
sphere on any transversal U to Y. By construction, g is in turn the hyperkahler 
metric on [/ x R induced by this taut contact sphere, with the R-factor now corre- 
sponding to the fiow lines of Y. 

^In particular, the metric descends to R"' X S"*^; this is the usual form of the Gibbons-Hawking 
ansatz. 

''The change in notation from 9 to xq is meant to emphasise that we want this to be an R-, 
not an S'^-coordinate. 
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The surface S {x2 ~ X3 = 0} C t/o x R is totally geodesic for the met- 
ric g, since it is the fixed point set of the isometric involution (xq, xi, X2, X3) i— > 
{xq, xi, —X2, —X3). The metric on S induced by g is 

— dxQ + x\ dxf, 

Xl 

and, from the well-known formula for computing the Gaufi curvature of a metric in 
diagonal form, one obtains K-^ = — l/x'J. This proves that g is non-flat. 

5.3. Comparison of the two examples. We observe that our ansatz from Sec- 
tion 15.11 can also be related to a harmonic function on M.^ : 

Write A'^ for the Laplacian on the unit 2-sphere in R"^ , and A"^ for the Laplacian 
on R'^. Moreover, let p be the radial coordinate on M.^. Given a differentiable 
function u: R'^ — > R, we have the relation 

A^'(u|s2) = {A'^'u-upp-2up)\s2; 

the last summand reflects the fact that both principal curvatures of are equal 
to 1. 

If u is of the form 

u{xi,X2,X3) = pu{xi/p,X2/p,X3/p), 

then this last equation simplifies to 

A^\ + 2u = (A«'m)|s2. 

In that particular case, u is homogeneous of degree 1 in p, hence A*^u is homoge- 
neous of degree —1. This implies that the vanishing of (A"^ u)\s2 is sufficient for 
the vanishing of A'^^w on all R'^. In conclusion, solutions to our Monge- Ampere 
equation ^ are — by the preceding discussion and Proposition [35] in the appendix 

— in direct correspondence with harmonic functions on R"^ that are homogeneous 
of degree 1 in p. 

Finally, notice that both examples admit a tri-Hamiltonian vector field: in the 
example of Section 15.11 this is the vector field dx^, with X3 := Im(z2); in the 
example of Section [^21 it is 8x2- As we plan to show in a forthcoming paper, all 
taut contact spheres with such a symmetry can be related to a Gibbons-Hawking 
ansatz, although this relation, in the Helmholtz case, is far from straightforward. 

6. A Bernstein problem 

Are there any 1-normalised taut contact spheres — on a suitable open domain U 

— inducing a non-flat metric g on 17 x R such that the long metric gi (see Defini- 
tion [15]) induced on U = U x {0} is complete? This kind of completeness question 
is known as a Bernstein problem, see [9]. 

In order to appreciate the difficulty of this question, it is helpful to consider how 
the ansatz in Section 15.11 has to be extended if it is to be of any use in providing 
an answer. First of all, we ensured the homogeneity of ddH by taking H to be 
homogeneous. However, the example 

where 

dH = (zie"i + e^i) dzi and ddH = {e~^ + e^^) dzi A dzi, 
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shows that it is perfectly possible for ddH to be homogeneous in e^'''^^^ without 
either H or dH having this property. Secondly, we took H to be independent of 
lm.{z2)^ but to discuss the general case one needs to allow the auxiliary function 
h to depend on all three variables Im(zi), Re(z2), and Im(z2)- Thirdly, while a 
potential H always exists locally, it need not exist globally. 

The question we just raised has a venerable history. In [TOl Calabi describes a 
construction of Kdhler- Einstein metrics, and in particular Ricci-flat Kahler metrics, 
on complex tubular domains D x iM" c C", where D is some connected, open subset 
of E" . The construction is based on a real Monge- Ampere equation (with a constant 
on the right-hand side), or equivalently, a complex Monge- Ampere equation for a 
function depending only on the real parts of n complex variables. The resulting 
metrics are invariant under the group of translations along iM". Earlier results of 
Calabi 8 allowed him to show that, in the Ricci-flat case, metrics obtained via this 
construction can never be complete, except for the trivial case with D M" and a 
flat metric. 

Here is a partial answer to this Bernstein problem, dealing with contact spheres 
that possess additional symmetries. In place of the long metric gi we consider the 
short metric g^. Completeness of gs is a stronger condition than completeness of gi. 
The following is part (a) of Theorem [TBI 

Theorem 24. Let (cji, ^2, ^^s) be a 1-normalised taut contact sphere on a 3-mani- 
fold U with the property that the short metric gs uf + + lo'^ is complete and 
admits a Killing field X ^ that preserves each form, i.e. 

LxLOi = Lxuj2 = Lx(^3 = 0. 

Then U is compact and hence a left-quotient o/SU(2), and (wi, 0^2, (^3) is isomorphic 
to one of the taut contact .spheres described in Theorem 

The proof of this theorem will take up the remainder of this section. We begin 
by observing that X does not have any zeros, which can be seen as follows. Arguing 
by contradiction, assume that p G U is a point with X{p) — 0. Then the flow of 
X preserves the distance spheres from p, and is then necessarily a rotation about 
an axis through p (in geodesic normal coordinates). This is incompatible with the 
fact that this flow preserves the coframe (ai, 0:2, as). 

The fact that X does not have any zeros means that 

A := (c^i(A)2 + u;2iXf + uj^iXf)'^^ 
defines a function A: U ^ IR+ . Set 

tti := LuJA, « = 1, 2, 3, 

so that 

ai{Xf + a2{X'f + asiXf = 1. 

Notice that the satisfy the equations ([T]) with that very A, and they are likewise 
invariant under the flow of X . 
Consider the map 

^':=(xi,X2,X3) := (ai(A),a2(A),a3(A)): U^S^. 

It is clear that the differential of ^ satisfies r^(A) = 0, i.e. each flow line of X is 
mapped to a single point in 5^. Write for the length of tangent vectors to U 
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with respect to the short metric gs, and ||.||52 for the length of tangent vectors to 
C M.^ with respect to the standard metric dxi + dx\ + dx^ . 

Lemma 25. If Z ^ TpU is a tangent vector gs-orthogonal to X, then 

||TvI.(Z)||s2 > ||Z||,. 

Proof. The X-invariance of the gives, with the Cartan formula for the Lie de- 
rivative, 

dxi = d{ai{X)) = LxOLi — X_l dai = —X_\ dai. 

All the following computations are made at the single point p. Rotate the contact 
sphere so that at that point p we have ai{X) = 1 and a2{X) — a3{X) = 0, i.e. 
^f(p) = (1,0,0). Then, with Q, 

dxi = -l3{X)ai+l3, 
dx2 = -/3(X)q!2 + Aq!3, 

dx^ = — /3(A')q!3 — A Q!2. 

The condition that Z be gg-orthogonal to X means that ai{Z) — 0. Hence 
dxi{Z) = /3(Z), 

dx2iZ) = -l3{X)a2{Z) + Aa3{Z), 
dx3{Z) =. -p{X)a3{Z)~Aa2{Z). 
From = (1,0,0) we have dxi{Z) = 0. Then 

||T*(Z)|||2 = dxi{Zf + dx2{Zf + dx3{Zf 

= dx2{Zf + dxz{Zf 

= {l3{Xf + K^) ■ {a2{Zf + a^iZf) 

= [PiXf + A2) . {a,(Zf + a2{Zf + a^iZf) 

> A^{ai{Zf +a2{Zf +a3{Z)^) 

= ml □ 

This lemma implies in particular that T"^ has full rank at every point, so "^{U) 
is an open subset of . 

Lemma 26. The map ^ : U ^ S'^ is surjective. 

Proof. Since '!'([/) C 5^ is open, it suffices to show that ^(?7) is complete, i.e. 
that every path 7: [0, 1) — > '^{U) of finite length has a limit point inside ^'(^7). 
Let 7: [0,to) ^ U he a maximal lift of such a path, -orthogonal to X. By the 
previous lemma, this lift is non-empty and of finite length in the short metric. Since 
U is complete, we deduce that to = 1 and that the lift 7 has a limit point in U. 
Therefore 7 has a limit point in ^>{U). □ 

Lemma 27. For each q G S'^ , the preimage ^'^^(q) <Z U is a single orbit of X . 

Proof. Arguing by contradiction, we assume that q G S''^ is a point in the image 
of two distinct orbits Oo,Oi of X. Let 7: [0, 1] [/ be a path joining these two 
orbits; 7 := 5" o 7: [0, 1] 5^ is then a loop based at q. By the argument in the 
proof of the preceding lemma we may assume that 7 is orthogonal to X. Let 7s, 
s G [0, 1], be a homotopy of 7 = 70 rel {0, 1} to the constant path 71 at q, and % 
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the corresponding homotopy of lifts orthogonal to X with initial point 7s (0) = 7(0) 
for all s e [0, 1]. The endpoints %(!) form a smooth path in 

The completeness of {U,gs) entails that the flow of X is complete, and this in 
turn ensures that 7s(l) € Oi for all s. But the constant path 71 lifts to the constant 
path 71 at 7(0) G Oq, hence 7i(l) G Co H Oi, which is impossible. □ 

As preimages of single points, the orbits of X are closed subsets of U. This 
means that every orbit is either periodic or a proper embedding of R in U. If there 
is a periodic orbit Oq, all other orbits remain at a bounded distance from Oq, since 
the flow of X is by isometrics. This precludes proper embeddings of K, i.e. in this 
case all orbits must be periodic, and U is compact, as asserted in Theorem [24l 

It remains to consider the complementary case, when all orbits are proper em- 
beddings of K. In this case, the time-1 map of the flow of X will disjoin any 
sufficiently small compact set K from itself, since each single orbit through K is 
proper and the flow is by isometrics. It follows that this time-1 map defines a free 
and properly discontinuous Z-action on U. 

The quotient manifold under this action is, by the first case, a compact manifold 
with a taut contact sphere, and hence a left-quotient of SU(2). Such manifolds do 
not admit infinite covers. In other words, this second case cannot occur. 

This completes the proof of Theorem [Ml 

7. 3-Sasakian structures 

In this section we consider taut contact spheres (ai, Q!2, as) on a 3-dimensional 
domain U that satisfy the stronger condition ai Aduj = for i ^ j ■ The conditions 
for a naturally ordered taut contact sphere then imply that dui = A A for 
some A : U ^ M+ . Differentiation of this equation yields 

= d{dai) = dA A A afe -I- A daj A afe — A A dak ~ dA A aj A ak- 

It follows that c?A = 0, so A = c for some constant c and the contact sphere is 
c-normalised. 

Recall that the Reeb vector field i? of a contact form a is defined by a{R) = 1 
and R_i da = 0. We now have the following simple lemma, where Ri denotes the 
Reeb vector field of ai , and /3 is the 1-form from equation ^ . The proof is left to 
the reader. 

Lemma 28. For a taut contact sphere {ai,a2,a3), the following conditions are 
equivalent: 

(i) ai A daj — for i ^ j. 

(ii) The Reeb vector fields {Ri, R2, R3) constitute a frame dual to the coframe 

(ai,a2,a3)- 

(iii) /5 = 0. 

(iv) The short metric Qs equals the long metric gi . 

If any of these conditions holds and c is the normalisation constant, then one has 
[Ri, Rj] — —cRk- This implies that the metric a\ + a\ + a\ has constant curvature 
equal to In particular, the metric gs — gi has curvature identically equal 

to 1/4. ' □ 

In analogy with our terminology in [15j we call a taut contact sphere satisfying 
any of the conditions in this lemma a Cartan structure. 
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Remark 29. Of the taut contact spheres in the statement of Theorem [Til exactly 
those with — are Cartan structures. Those with 7^ are not even conformally 
equivalent to a Cartan structure; this follows for instance from 15, Prop. 6.1]. 

We now want to relate such Cartan structures to 3-Sasakian structures. Recall 
the definition of these structures. 

Definition 30. A metric Ij on a 3-manifold U is called 3-Sasakian if the cone 
metric C = e^'*(g + ds^) on U x R is a hyperkdhler metric. 

Given such a cone metric C, we observe that dg is a homothetic vector field and 
ds-i C = e^" ds is a closed 1-form. 

Remark 31. Given a Riemannian metric g and a vector field Z, the following are 
equivalent: 

(i) \7Z is the identity on every tangent space. 

(ii) Lzg = g and Z _i g is closed. 

(iii) Lzg = g, and where Z is non-vanishing it is orthogonal to a codimcnsion 1 
foliation. 

(iv) On the open set {Z ^ 0} we have local descriptions g = e^'^i^ + ds^) with 
ds — Z and 5 being the metric induced by in a transversal orthogonal 
to Z. 

Following [19^, we call a vector field satisfying either of these conditions a di- 
latation. Thus, any particular description of 5 as a cone metric corresponds to a 
non- vanishing dilatation. 

Proposition 32. A 1-normalised taut contact sphere on a i- dimensional manifold 
U is a Cartan structure if and only if the induced hyperkdhler metric g on U x R 
is a cone metric with the induced tri-Liouville vector field dt as dilatation. 

Proof. By formula ([4]) for the metric g, the 1-form dt-i g equals e*{dt + (3), which 
is closed if and only if /3 = 0. □ 

Lemma 33. Given any metric g on U , any endomorphism field on U x R parallel 
with respect to the corresponding cone metric is invariant under the flow of ds . 

Proof. Let (xi, X2, x^) be local coordinates on U. Computing the Levi-Civita 
connection of the cone metric in the coordinates {xi,X2,X3, s), one finds that 
e~^dxi , e~''dx2 : s~^dx3 , e~''ds are parallel along the radn. The coefficients of a paral- 
lel endomorphism field in this frame are constant along the radii. Those coefficients 
are the same in the frame d^^ , , ,ds. □ 

It is a fact in Riemannian geometry that a family of metrics of the form "g^^ = Xg, 
A G M+, in general gives rise to a family of non-isometric cone metrics. We use the 
methods of this paper to give a simple proof of the following result, well-known in 
Sasakian geometry, which can be read as saying that for g having constant positive 
curvature, only the gx of curvature equal to 1 gives rise to a hyperkahler cone. 

Proposition 34. A 3-Sasakian metric in dimension 3 has constant curvature equal 
to 1. Therefore, if a 4- dimensional hyperkdhler metric admits a dilatation, it must 
be flat. 
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Proof. Let g be a Riemannian metric on a 3-manifold U and assume that the 
cone metric C = e'^^{ds'^ +3) is hyperkahler. By the preceding lemma the flow of 
the dilatation (1/2)3^ is tri-holomorphic and also tri-Liouville. Introduce the new 
coordinate t = 2s, so that dt — {l/2)ds- By the theory we have developed, there is 
a 1-normalised taut contact sphere (ai, Q!2, 013) on U such that 

C = e^{dt^ + al + al + al). 

Notice that g is recovered from the cone metric and the dilatation 9s via the formula 
ff = C|{s^o} -C|{||a,||=i}. But 119,11 =2|iat||, so 

We see that "g has a 2-normalised Cartan structure as an orthonormal frame, making 
it a metric of constant curvature equal to 1. 

Then e^*(5 + ds^) describes the 4-dimensional Euclidean metric in spherical 
coordinates. □ 

This result must be read as local rigidity of 3-Sasakian structures. As our con- 
structions of taut contact spheres giving rise to non-flat hyperkahler metrics show, 
taut contact spheres have much richer local geometry. In particular, their associ- 
ated hyperkahler metrics admit homotheties, but no dilatations. So they are not 
cone metrics in any way. 

As we have mentioned in Section [4l the c-normalised taut contact spheres on 
closed 3-manifolds are orthonormal for Bcrger metrics, which are spherical only in 
the Cartan case. The long metrics, on the other hand, are always spherical. 

By the discussion in this section, our Theorems [3] and [11] can be read as a 
classification of the closed 3-Sasakian 3-manifolds: 

Corollary 35. The closed Z-Sasakian ^-manifolds are precisely the left- quotients 
o/SU(2). □ 

For the parametric family of taut contact spheres in Theorem 111! the induced 
hyperkahler metric is always the standard Euclidean metric on E'' \ {0}, so it is 
always a cone metric. But only for the parameter value v = Q (corresponding to 
the unique class containing Cartan structures) does the tri-Liouville vector field Y 
point in the radial direction (i.e. the direction of the only non-vanishing dilatation 
of E4\{0}). 

In fact, only the tri-Liouville vector field changes within this parametric family. 
The dui obviously do not depend on u, and a little computation shows that neither 
do the Reeb vector fields Ri of the ai . 

A proof of Corollary [35] previous to the one given above was indeed based on 
the observation that a 3-Sasakian 3-manifold is a space of constant curvature 1; 
the classification of 3-Sasakian manifolds among the 3-dimensional space forms was 
achieved by Sasaki [22j (who still spoke of normal contact metric i- structures). 

Appendix: A contact transformation leading to Helmholtz' equation 

The following intriguing proposition relates solutions of equation ([8]) from Sec- 
tion 15.11 to solutions of the Helmholtz equation (cf. [12] for this terminology) 
Au-|-2w = on the 2-sphere S"^ with its metric of constant curvature 1. In geodesic 
polar coordinates this metric is given by 

ds^ = dr^ +sm^rd9^. 
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Hence the gradient of a differentiable function / : M is computed via 

V/ = frdr + -^fede. 

sm r 

The area element is ^ = sin rdr Ad6, so from 

d{X_\ A) = LxA = div(X) • A and A/ = div(V/) 
we see that the spherical Laplacian A — takes the form 

A/ = — fr + frr + . 2 foS- 

sm r sm r 

Proposition 36. Let h{si,S2) be a solution of equation (0)- Set 

( e ^ s,, 

(T) </ r = arccot(/isJ e (0,7r), 
I w — S2 cos?' + /isinr. 

Ifhs^s2 7^ 0, then u = u{r,6) is a function of the independent variables r and 9 that 
solves the spherical Helmholtz equation 

(10) Am + 2u = 0. 

Conversely, a solution u{r,9) of () i 0|) satisfying u + Urr gives rise to indepen- 
dent variables si,S2 and a solution h{si,S2) 0/(0) via the inverse transformation 

si = 0, 
(T^^) ^ S2 = sin r — It COS r, 
h ~ cosr + usinr. 

Proof. Given h{si,S2), let {r,0,u) be defined by (T). The condition /i^asa 7^ is 
obviously necessary and sufficient for (si, S2) >— > {r, 0) to be an invertible coordinate 
transformation. From 

du = — cosr ds2 + S2sinr dr + [hsj^ dsi + ds2) sinr + hcosr dr 
= {s2 sin r + h cos r) dr + hg-^ sin rdO 

we see that w is a function of r and 6 with 

Ur ~ S2 sin r + h cos r, 
ue — hs-^ sinr. 

Conversely, given u{r,9), let {si,S2,h) be defined by (T^^). Since 

ds2 = {u + Urr) siu r dr + [uro sin r ~ ug cos r) d^, 

the condition m + Urr 7^ is necessary and sufficient for {r,6) i— > (si,S2) to be a 
coordinate transformation, because r S (0,7r). From 

dh ~ {u + Urr) cos r dr + [uro cos r + ug sinr) dO 

= -r— dsi + cot r ds2 
smr 

we infer that ft, is a function of si and §2 with 



(T)' 



= ug/sini 
— cot r. 
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It is then a straightforward check that (T) and (T ^) are indeed inverse trans- 
formations of each other. In particular, one finds that 

[u + Uj-r) sm r 

which shows that (T) is defined on h if and only if (T~^) is defined on u. 

In order to show that solutions of (H)) correspond to solutions of ^T0\\ under the 
transformation (T) , it is convenient to rewrite ([8]) as an exterior differential system 

, , dh ^ pidsi+p2ds2, 

dsi A ds2 — dpi A dp2 + hdsi A dp2 — p^dsi A ds2- 

We then compute, using (T^^) and (T^^)', 

dpi A dp2 + h dsi A dp2 — (1 + p\) dsi A ds2 = 

= d— — A d cot r + {ur cos r + u sin r)d6 Ad cot r 
sinr 

— (1 + cot^ r) d9 A d{ur sin r — u cos r) 

uee 1 cosr 1 I n • \ , 
• — 2 ^ ""i- ^ ' — 2 ^^-'■^ ) dr A do 



smr sm r sm r smr sm r 
1/1 cosr r, \ , j/> 

— Ugg H ; Ur + Urr + 2u ) dr A dO 



sm r \ sm r sm r 

= (Am + 2u) dr A dO. 

sinr 

This completes the proof of Proposition [36l □ 

Since the reader is bound to wonder how we arrived at the transformation (T) , we 
present, in nuce, our chain of discovery: First, one can get rid of mixed derivatives 
in the exterior differential system pip by introducing p2 as an independent variable. 
The identity 

dh - pi dsi - p2 ds2 = d{h - P2S2) ~ Pi dsi + S2 dp2 
suggests the contact transformation h{si, S2) k{ti, 12) given by 

ii = si, t2 = P2 = hs2, k = h - S2hs2, 
with inverse transformation 

Si = ti, S2 = -kt^, h = k- t2kt^. 

(Here one needs /isgsg ^ or fctjf^ ^ 0, respectively, for these to be honest, i.e. 
invertible, transformations.) Wc compute 

dpi A dp2 = dfcfi A dt2 = kt^ti dh A dt2, 
hdsiAdp2 ~ (k — t2kt2) dti A dt2, 
-{1 + pI) dsi A ds2 = {1 + tl) dti A dkt2 = {1 + tl)kt2t2 dti A dt2. 

So the contact transformation takes equation ([8]) to the following equation, where 
we now write ki for kt- etc.: 

(12) kii + {l+tl)k22-t2k2 + k^0. 
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The first order term in this equation can be made to disappear by setting x — ti, 
sinhy = t2 and w{x,y) — fc(a;, sinhy)/ coshy. This turns equation p2[) into 

2 

(13) Wxx + Wyy H 7^"^ = 

cosh y 



which is the Helmholtz equation for the metric 

I cosh-^ y 



1 



I ■ 

\ cosn y I 

The Gaufi curvature of this metric turns out to be identically equal to 1. Indeed, 
it is the spherical metric in Mercator coordinates. Therefore, we pass from (|13|) to 
(fTU| by making the substitution 

cosh y = 1/ sin r, sinhj; = cotr, 6 — x, and u(r,6) = w{x,y). 

We now want to find an explicit solution of ^TU\i . The ansatz 

u{r, 9) = cos 9 sin r g[r) 

leads to 

Zgr cos r + g^r sin r = 0, 
which has the solution g^ = 1/ sin'^ r; that in turn integrates to 



g{r) = / yjl + f^ dt. 



cot r 



The resulting u corresponds under (T ^) to the solution 

f*S2 / COS Si 



/S2 I COS Si 



of equation ([8]). As domain of definition we may take 

U' = {(si,S2) e M^: |si| < 7r/2, S2 > cossi}. 

The Kahler potential H corresponding to this solution gives rise to a hyperkahler 
metric g on f7 x K. inducing a taut contact sphere on J7, with 

C/ = {(si,S2,S3) eK''': (si,S2) e C/'}. 

The relation with the complex coordinates is given by t + isi = 1z\ and si + isa — 
2z2, say. 

We claim that g is non-flat. The coefficients of this metric are 

Write G for the (2 x 2)-matrix {g^-p)- Then the curvature tensor K^-j^^g, read for 
fixed 7, (5 as a (2 X 2)-matrix indexed by a and /3, is computed by 

(-^Q^75 ) = - G ^Gy^, 

cf. [H p. 159]. 
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We now want to show that ^^2222 non-zero. In the following computations we 
write * for any matrix entry that is irrelevant for the final result: 

^222 

_22 



G = 


r""' ( 


' h- 

^ h2 ' 


h /ill ' 

f i/ii2 


= 


r"'" ( 


^ h22 


+ 1^122 


= 


2 \ 


* 


/l22 - 
^222 


Gz2Z2 — 






/i2222 / 



On the hyperplane {2Im(zi) = zi — 2:1 = 0}, corresponding to the line {si — 0}, 
we have 

Writing ■\/s| — 1 = cr, for short, we have along that same line 

/i2 = cr, /122 = 52/0-, ^222 = -l/o-^, ^2222 = 3s2/a^. 
At (si, S2) = (0, \/2) we thus find 

/l2 = I, /122 = V2, /l222 = -1, /l2222 = 3\/2, 

/ii2 = /Ji22 = 0, and h + hii = V2. 
That last equality can be computed from Hence, at (^1,22) = (0, \/2/2) we 
obtain 



If* * \ If * * \ f \/2 -I \ f * V2 



^2222 J 2 V * 3V2 ; 2 V V2 -I J \ -I V2 J\* -I 
which yields ^^2222 ^ 0- Thus g is indeed non-flat. 
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